FIDELITY OF STATES IN INFINITE DIMENSIONAL QUANTUM 

SYSTEMS 

JINCHUAN HOU AND XIAOFEI QI 

Abstract. In this paper we discuss the fidelity of states in infinite dimensional systems, 

give an elementary proof of the infinite dimensional version of Uhlmann's theorem, and then, 

^T^ , apply it to generalize several properties of the fidelity from finite dimensional case to infinite 

^^ ' dimensional case. Some of them are somewhat different from those for finite dimensional 

^ ■ case. 

r-| ! 1. Introduction 

In quantum mechanics, a quantum system is associated with a separable complex Hilbert 

^ I space H, i.e., the state space. A quantum state is described as a density operator p G 

^ I T{H) C B{H) which is positive and has trace 1, where B{H) and T{H) denote the von 

' Neumann algebras of all bounded linear operators and the trace-class of all operators T with 

||T||Tr = Tr((T^T)2) < oo, respectively, p is a pure state if p^ = p; p is a mixed state if 

^ ' p^ ^ p. Let us denote by S{H) the set of all states acting on H. 

j^ ■ Recall also that the fidelity of states p and a in S{H) is defined to be 

cn 

O; F(/>,a) = Tr^/jVVpV2. (1.1 

f— ^ ■ Fidelity is a very useful measure of closeness between two states and has several nice properties 

including the Uhlmann's theorem. 

Uhlmann and co-workers developed Eq.(l.l) by the transition probability in the more gen- 
eral context of the representation theory of C*-algebras [H El [3]. The result in [T| (also ref. 
[4j) implies that, if dim// < oo, then the equality 

F(p,<j)=max|(^|(/<)|, (L2) 

holds, where the maximization is over all purifications \ip) of p and {(p) of a into a larger system 
oi H ®H. This result is then referred as the Uhlmann's theorem. Eq.(1.2) does not provide a 
calculation tool for evaluating the fidelity, as does Eq.(l.l). However, in many instances, the 
properties of the fidelity are more easily deduced using Eq.(1.2) than Eq.(l.l). For example, 
Eq.(1.2) makes it clear that < F{p,a) = F{a,p) < 1; F{p,a) = 1 if and only if p = a. 

In [5], Jozsa presented an elementary proof of the Uhlmann's theorem without involving the 
representation theory of C*-algebras. In this paper we will consider the fidelity of states in 
infinite dimensional systems, give an elementary proof of the infinite dimensional version 
of Uhlmann's theorem, and then, apply it to generalize several properties of the fidelity 
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from finite dimensional case to infinite dimensional case. Of course, not all results for finite 
dimensional case can be generalized fully to infinite dimensional case. For example, in the 
finite dimensional case, it is known that F{p, a) = minr^^i F{pm, Qm), where the minimum is 
over all POVMs (positive operator- valued measure) {Em}, andp^ = T^^ipEm), Qm = Tr(<7-E'm) 
are the probability distributions for p and a corresponding to the POVM {Em}- However, this 
is not true for infinite dimensional case. What we have is that F{p,a) = infj^;^} F{pm,qm)- 
The infimum attains the minimum if and only if p and a meet certain condition. 

Let H he a complex Hilbert space, A £ B{H) and T £ T{H). It is well known from the 
operator theory that |Tr(^T)| < ||^r||Tr < ll^llll^llTr- This fact will be used frequently in 
this paper. 

2. Infinite dimensional version of the Uhlmann's theorem and an elementary 

PROOF 

Recall that an operator V G B{H) is called an isometry if V'^V = I; is called a co-isometry 
if VV^ = I. If dim// = oo and T G B{H), then, by the polar decomposition, there exists an 
isometry or a co-isometry V such that T = V\T\, where \T\ = (T'T)"*^'^. Generally speaking, 
V may not be unitary. In fact, there exists a unitary operator U such that T = U\T\ if and 
only if dimker r = dimkerT^. However, the following lemma says that it is the case if T is a 
product of two positive operators. 

Lemma 2.1. Let H be a Hilbert space and A,B £ B{H). If A > and B >0, then there 
exists a unitary operator V G S{H) such that AB = V\AB\. 

Proof. We need only to show that dim ker AB = dim ker BA if both A and B are positive 
operators. 

Note that, since ^ > and i3 > 0, we have 

kerylB = ker5ekeryln(ker5)^ (2.1) 

and 

kerB^ = kerAeker5n(ker^)-^. (2.2) 

Obviously, if dimker A = dim ker i? = oo, then dvcahei AB = dimkeri3j4 = oo; if A (or 
B) is injective, then dim ker ^i? = dim ker S A = dim ker i? (or dim ker AS = dimkeri?A = 
dimker A). 

Assume that dimker A < oo and dimker S = oo. By Eqs.(2.1)-(2.2) we need only to check 
that dimker S n (ker A)-*- = oo. This is equivalent to show the following assertion. 

Assertion. If B > and dim ker i? = oo, then, for any subspace M <Z H with dimM-*- < 
oo, dimker Pa/ -B Pa/ I M = co- 

In fact, by the space decomposition H = M (B M , we may write B = I ± , 

V ^12 -^22 J 

where Bu = PmBPm\m- Since i? > 0, there exists some contractive operator D such that 
Bi2 = B^^ DB22 (for example, see |6j). Thus 

ker B = ker Bu © ker B22 © L, 

where 

L = {\x)e\y) : |x) G (kerPn)^, \y) G (kerP22)^, Bu\x)+Bi2\y) = and BUx)+B22\y) = 0}. 
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Note that dimkeri?22 < oo and diniL < dim(ker 522)"*" < 00, we must have dimkerSn = 00. 
Finally, assume that both ker A and ker B are finite dimensional. With respect to the space 
decomposition H = (ker ^) © ker yl, we have 

\ J \Bl B-n J 

As Ai is injective with dense range, 

1^ y 1^ BiV4i ) 

we see that 

ker AS = {\x) ® \y) : \x) e (ker A)-^ , \y)ekerA, Bn\x) + B^ly) = 0} 
= (ker fill ©ker B12) 

+{\x)e\y) ■■ \x) G (kerSn)^, \y) G (ker^is)^, Bu\x) + Bu\y) = 0} 
and 

ker BA = ker A © {|a;) : |a:) G (ker A)^ D ker Bu} = ker A © ker Bn. 

Sincedim{|x)©|y) : \x) G (ker^n)^, \y) G (kerBi2)-^, Bii\x) + Bi2\y) = 0} < dim(ker ^12)-^ 
and dimker i?i2 + dim(ker S12) = dim ker A, one gets 

dim ker Ai? < dimkeri?A. 

Symmetrically, we have dim ker S A < dim ker Ai?, and therefore, dim ker Ai? = dim ker i?A. 
Complete the proof of the lemma. D 

If dimi7 < 00, then, for any T G B{H), we have ||T||Tr = Tr(|T|) = max{Tr(AC/)}, 
where the maximum is over all unitary operators. This result is not valid even for trace-class 
operators if dimii^ = 00. The next lemma says that the above result is true if the operator is 
a product of two positive operators. 

Lemma 2.2. Let H be a complex Hilhert space and A,B& B{H). If A, B are positive and 
AB G T{H), then 

||AS||tv = TV(|A5|) = max{Tr(A5t/) : U G U{H)], (2.3) 

where tl{H) is the unitary group of all unitary operators in B{H). 
Proof. For any unitary operator U G U{H), we have 

\Tr{ABU)\ < \\U\\\\AB\\Tr = ||A5||Tr = Tr(|AB|). 

On the other hand, by Lemma 2.1, there exists a unitary operator V such that AB = y|Ai?|. 
Thus \AB\ = V'fAB and 

||A5||Tr = Tr(|AB|) = Tr(WAS) = Tr{ABV^). 

Hence Eq.(2.3) holds. D 

Lemma 2.3. Let H , K he separable infinite dimensional complex Hilhert spaces and A G 
13(H), B G B{K). Let {\i)}'^i, {\i')}'^i he any orthonormal bases of H, K respectively, and 
U he the unitary operator defined by U\i) = \i'). For each positive integer N, let \mi\i) = 
Si=i K)l^')- ^f ^ or B is a trace-class operator, then, 

lim {mN\A(^B\mN) = Tx{UA'^U^B). 
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Proof. Clearly, C/^tf/t^ g riK) and 

Tr(C/Atc/ts) = Y,^'\UA^U^\j'){j'\B\^) = Y,(j'\A^\J){j'W), 

which is absolutely convergent. Hence 

N 

lim y" {i\A^\j){j'\B\i') = Tr{UA^U^B). (2.4) 

On the other hand, 

N N N 

{mN\A^B\mN) = Y.{j\{j'\A<^ B\i)\i') = ^ (i|AK)(/|i?|i') = Y, {U^\J){J'\B\i')- 

i,j=l i,j=l i,j=l 

So, by Eq.(2.4), one obtains that 

lim {mN\A(g)B\mN) =Ti{UA''U^B), 

Af-s-oo 

as desired. D 

The following is the infinite dimensional version of the Uhlmann's theorem. Recall that a 

unit vector \tp) £ H <^ K is said to be a purification of a state p on H ii p = TTKi\'4^){tp\)- 
Theorem 2.4. Let H and K he separable infinite dimensional complex Hilbert spaces. For 

any states p and a on H, we have 

F{p,a) = max{|(V|</.)| : |V) G Vp, \4>) G V„], 

where V p = {\ip) £ H (ii) K : \ip) is a purification of p}. 

Proof. Assume that p,cr £ S{H). Then there exist orthonormal bases of H, {\iH)}iZi and 
{\i'H)}'^i such that p = Y.ZiPi\iH){iH\ and a = Y.'Zi Qi\i'H){^'H\ with Y^ZiPi = Ei^i ft = 1- 
If IV'), 10) G H ® K are purifications of p, o", respectively, then there exist orthonormal sets 
{\iK)}T=i and {\i'K)}r=i in K such that |^) = E£i VP^|iH)|ix) and |<A) = YT=i ^/ftl4>l4>- 

Pick any orthonormal bases {\i'^)}°^i of H and {K^)}i^i of K. Let Uh,Uk,Vh,Vk be 
partial isometrics defined by respectively 

UhH'Ij) = \iH), UK\i'k) = \iK), Vh|4) = 14), Vx|4) = 14) (2.5) 

for each i = 1, 2, . . .. For any integer A^ > 0, let 

N 

I^n) = X] 14)14)- 



Then 



and 



AT N 

IV'a) = Yl VPi\iH)\iK) = Y \/^(^^ ® f^x)l4)l4) = {y/pUn UK)\mN) 

i=l i=l 

A" AT 

\4>n) = Y Vftl4)l4) = Yl ^(^^ ^ ^i^)l4)l4) = (V^Vh ^ i^i^)|m^). 

1 = 1 2=1 
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It follows from Lemma 2.3 that 

|(V'|(/>)| = limAf_^oo \{ipN\<t>N)\ = limN^oo\{mN\ulJ^/pV^VH <S) ul^VK\mN)\ 

= \Tt{UvI^^Uh U^UJ,Vk)\ < WUhU^uIVkUV^WTtQ^^I) (2.6) 

< Tr(IV^^I) = Trv/pi/2^pi/2 = Fip,a), 

where U is the unitary operator defined by U\i"^) = |i^). Therefore, we have proved that 

F{p,a) > sup{K^|0)| : |^) G Vp, \4>) G V.}. 



Now, to complete the proof, it suffices to find |^) G Pp and \(p) ^ Va such that 
Fip,a). 

By applying Lemma 2.1, we see that \fo\fp has a polar decomposition \/o^fp = ^o| v^-v//'| 
with C/q a unitary operator. 

Let {|iA')}i^i be an orthonormal basis of K and let IV') = X^i^i \/PiK^)K-?^) ^^^ |(/)) = 
Ei^i\/9i|^j:/)I^K>- Then \i\)) G Pp and |0) G V^- Let |i^) = |i/f), |i^) = |ix), « = 1,2.... 
Then, by Eq.(2.5), \Jh = i-, Uk = I, Vh is a unitary operator determined by VnliH) = K//)- 
Take |i^) so that Vk = UUqVhU'^ . Then for such choice of \ip) and \(j)) we have 



= limN^oo\{lpN\4>N)\ = liniN^oo \{mN\y/P\^VH <^ VK\mN)\ 

= \Tt{UVIV^^WVk)\ = \TriWVKUVlUo\V^^\)\ 
= \Tr{\^^\)\ = F{p,a), 
completing the proof. D 

By checking the proof of Theorem 2.4, it is easily seen that the following holds. 
Corollary 2.5. Let H and K he separable infinite dimensional complex Hilhert spaces. For 
any states p and a on H, we have 

F{p,a) = max{|(Vo|</')l : \<P) G V„} = max{|(V^|0o)| : |V') G Vp}, 

where \tpo) is any fixed purification of p of the form \iPq) = J2'^i VPi\iH)\iK) with {\iK)} an or- 
thonormal basis of K and \4>o) is any fixed purification of a of the form \(J)q) = J2iZi \/9il^H)Ni^) 
with {\i'j^)} an orthonormal basis of K. 

The fidelity is not a distance because it does not meet the triangular inequality. However, 
like to the finite dimensional case, by use of Theorem 2.4 and Corollary 2.5, one can show 
that the are-cosine of fidelity is a distance. 

Corollary 2.6. A{p,a) =: a,rccosF{p,a) is a distance on S{H). 

Several remarkable properties of fidelity in finite dimensional case are still valid for infinite 
dimensional case. For instance, 

Monotonicity of the fidelity For any quantum channel £, we have 

F{£{p),£{a))>F{p,a). (2.7) 

Recall that a quantum channel is a completely positive and trace preserving linear map from 
T{H) into T{K). 

Strong concavity of the fidelity Let pi and qi be probability distributions over the same 
index set, and pi and (Tj states also indexed by the same index set. Then 
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3. Connection to the classical fidelity and trace distance 

If dimH < c«, the quantum fidelity is related to the classical fidelity by considering the 
probability distributions induced by a measurement. In fact [7, pp. 412] 

F{p,a) = min F{pra,qm), (3.1) 

{Em} 

where the minimum is over all POVMs (positive operator- valued measure) {Em}, and pm = 
Tr{pEm), Qm = Tr((T£^m) are the probability distributions for p and a corresponding to the 
POVM {Em}. 

It is natural to ask whether or not Eq.(3.1) is true if dimH = oo? The following result is 
our answer. 

For a positive operator A G B{H), with respect to the space decomposition H = {kei A)^® 

kerj4, ^ = , where Ai : [ker A) — )• {kev A) is injective and hence A^ makes 

sense. In this paper, we always denote ^4^^^^ for the may unbounded densely defined positive 
operator defined by A^^^' = I ^ with domain T)[A^^^') = ian[A) ©ker^. Here 

ran(A) stands for the range of A. 

Theorem 3.1. Let H be a separable infinite dimensional complex Hilbert space. Then, for 
any states p,a £ <S{H), we have 

F{p,a)= inf F{pm,qm), (3.2) 

{Em} 

where the infimum is over all POVMs {Em}, and pm. = "T^ipEm.), Qm = Tr((Ti?m) are the 
probability distributions for p and a corresponding to the POVM {Em}- Moreover, the in- 
fimum attains the minimum if and only if the operator M = p^"^'"^' \/ p^/'^ap^/'^ p^^^''^' (may 
unbounded) is diagonal. 

Firstly, we need a lemma. 

Lemma 3.2. Let H be an infinite dimensional complex Hilbert space. Assume that A G 
T{H) and {r„}~=o C 13{H). If SOT-liuin-^ooTn = Tq, then lim^^oo TV(r„^) = TV(ro^). 
Here SOT means the strong operator topology. 

Proof. As Tn converges to Tq under the strong operator topology, there is a constant d > 
such that sup„ ||T„|| < d. For any e > 0, there exists a finite rank projection P^ such that 
11^ — Pj^Pgllxr < £/{2d + 1) because A G T{H). On the other hand, Pg is of finite rank, 
together with SOT-lim„^oo T^n = Tq, implies that 

lim ||P,(r„-To)P,||=0. 

n— ^-oo 

So, for above e > 0, there exists some A^ such that 

||p,(r„-ro)p,||< 



(2d+l)||yl||Tr 
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whenever n > N. Thus we have 

|Tr((r„ - To)A)\ < |Tr((T„ - To){A - PeAP,))\ + |TV((r„ - To)P,AP,)\ 

< ||T„ - TollP - PeAP.U + ||P,(r„ - ro)P,||P||Tr 

< 2d\\A - P,AP,\\t, + ^ 

Therefore, hm„^oo Tr(T„^) = Tr(To^). D 

Proof of Theorem 3.1. Let {Em} be a POVM. Then ^^ > and J2m ^rn = I, here the 
series converges under the strong operator topology. By Lemma 2.1, there exists a unitary 
operator U such that ■\/ p^l'^ap^l'^ = \J ^^. Thus, by the Cauchy-Schwarz inequahty and 
Lemma 3.2, 

< Em y^T^{pEm)Tr{aEm) = Em ^/Pmqm = F{Pm, Qm)- 
Hence we have 

F{p,(j) < inf F{pm,qm)- 

{Em} 

Next we show that the equahty holds in the above inequality, that is, Eq.(3.2) holds. By the 
spectral decomposition, there is an orthonormal basis {|z)}^]^ of H such that p = Ei^«N)(^l 
with ^j Tj = 1. For any positive integer n, let Hn be the n-dimensional subspace spanned 
by |1), |2), . . . , \n), and Pn be the projection from H onto Hn- Define pn = a~^PnpPn and 
an = /3~^Pn(TPn, where a„ = Tr(P„/oP„) and /3„ = Tr(P„(TPn). Clearly, lim„^oo On = 1, 
lim„^oo/3n = 1, SOT-lim„^oo /On =SOT-lim„^oo -PnP-Pn = P and SOT-lim„^oo o^n =SOT- 
lim„_j.oo PnO'Pn = o"- By [8j, we see that lim„_j.oo Pn = P and linin^oo o'n = cr under the trace 



norm topology. It follows that liuin-^oo V Pn cfnPn = v p^/^0"/>^/^ under the trace norm 
topology, which implies that lim„_j.oo -^(Pn,'^^) = F{p,a). So, for any e > 0, there exists 
some A'"i such that 

\F{p, a) - an^nF{pn, <Tn)\ < e/2 (3.4) 

whenever n > Ni. 

On the other hand, note that lim„_^oo V'^nPn'^ipPn) = 1 and lim„_^oo V'^nPn'^icrPn) = 1. 
Thus, for the above e > 0, there exists some A'^2 such that 



|1 - Va^TripPn)\ < e/2 and |1 - Va^Tr{aPn)\ < e/2 (3.5) 

whenever n > A'^2- 

Now, consider /9„ and an for n > maxjA^i, A''2}. With respect to the space decomposition 

H = Hn® H^, we have Pn = i ° and (t„ = ° , where po,ao G S{Hn). 

Applying Eq.(3.1) to po and ctq, there exists POVM {E'm} C B{Hn) with Em=i ^m = ^ 
such that 



F{po,ao) = Y^ VTv{poE'jTv{aoE'J. 
Let Em = E'm ® and En+i = I — Pn- It is obvious that Em=i ^m = I and 

n n+l 

F{pn,an) = F{po, ao) = ^ ^yTt{poE^)Tt{aoE'm) = ^ ,/Tr{pnEm)Tt{anE, 



m) 
ni=l m=l 
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Now define Fm = V'^nl^nPn Em Pn for m = 1, 2, • • • , n + 1 and Fq = I — ^JanfinPn- It is 
clear tiiat {Fm} is a POVM. Furthermore 

Y.m=i VTr(pF„0Tr(c7F„0 = E™t\V"n/3nTr(P„pP„S„)Tr(P„c7P„S„) 



Emt=\ \/"n/?n\/anTr(p„E„)/?„Tr(cr„^„ 

X;m=\ an/?n\/Tr(p„Sm)Tr(o-„£'m) 
a„/?„F(p„,cr„). 



(3.6) 



Hence, by Eqs.(3.4)-(3.6), we get 



< \F{P.^) - E™=i VTr(pi^m)Tr(aF„)| + VTr(pFo)Tr(c7Fo 



= |F(p, 0-) - anl3nF{pn, o-„)| + v^(l - Va„/3„Tr(/)P„))(l - Van/5nTr(o-P„)) 
< e/2 + e/2 = e. 

Thus we have proved that, for any e > 0, there exists some POVM {Fm} such that 

F{pm,qm) < F{p,a) +e, 

where Pm = Tr(pPm), qm = Tr(cjPm) are the probability distributions for p and a correspond- 
ing to the POVM {Fm}. So Eq.(3.2) is true. 

It is clear that the infimum of Eq.(3.2) attains the minimum if and only if there exists a 
POVM {Em} such that the Cauchy-Schwarz inequality is satisfied with equality for each term 
in the sum of Eq.(3.3), that is, 

^/E^y/p = Xm\/EZV^U^ (3.7) 



for some set of numbers Am > 0. Note that \/ p^l'^op^l'^ = f/y^y^ = ^^/aU\ we get that 
the range of y p^/'^ap^/'^ is contained in the range of p^'"^ and hence 



^U^ = p[-l/2] ^pl/2^pl/2^ (3.8) 

Substituting Eq.(3.8) into Eq.(3.7), we find that 



Em^P = A™ v^p'"'/'' ^p^^ap^^ (3.9) 



for each ra. It follows that \/Em\/p 7^ =^ Am 7^ 0. While, if \/Em^/p = 0, one may take 
Am = 0. Let Hq = span{ran(-v/-£'m) : VEm\/p = 0}, and Pq be the projection onto Hq. Then, 
Eq.(3.9) implies that Eq.(3.7) is equivalent to 



'Em{I-Po-XmM) = (3.10) 

holds for all m, where M = p^^^''^'y^p^/'^ap^/'^p^^^''^' (may unbounded). Now it is easily 
seen that the closure of r an{^/ Em) reduces M to the scalar operator A"-*^ if \JEm\fp / 0, 
and kerM = B.^. Thus 0, A~^ G (Tp(M), the point spectrum (i.e., eigenvalues) of M. Since 
^m Era = -^i we see that ^^ ran(v^Ej^) = FL and the spectrum of M, a{M) C cl {0, Am^} = 
cl (Tp(M). So M must be diagonal. Conversely, if M is diagonal, say M = ^m^rn\inn){'m\ 
with {|m)} an orthonormal basis of H. Let Am = 7m^ if 7m 7^ 0; Am = if 7m = 0. 
Then the POVM {Em = \m){m\} satisfies Eq.(3.10) and thus Eq.(3.9). Hence F{p,a) = 
J2m \/Tr(^£;m)Tr(o-£'m) = F{pm, Qm)- This completes the proof. D 

Remark 3.3. There do exist some p and a such that there is no POVM {Em} satisfying 
F{p,a) = Sm \/Tr(pE'm)Tr(cj£'m)- For example, let H = L2([0, 1]) and Mt the operator 
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defined by {Mtf){t) = tf{t) for any f £ H. Then Mt is positive and is not diagonal because 
(j{Mt) = [0, 1] and the point spectrum a,p{Mt) = 0. Let p G S{H) be injective as an operator. 
Then d = Ti{Mfp) / 0. Let M = dr^Mt and a = MpM. As Tr(MV) = 1, cr is a state. Now 
it is clear that M = p~^''^\/p^/'^ap^/'^p~^''^, which is not diagonal. Thus by Theorem 3.1, the 
infimum in Eq.(3.2) does not attain the minimum. 

For two states p and a, recall that the trace distance of them is defined by D{p,a) = 
2 Up — cIItt- By use of Uhlmann's theorem and Eq.(3.1), it holds for finite dimensional case 
that 

1 - F{p, a) < Dip, a)<^l- F{p, af. (3.11) 

This reveals that the trace distance and the fidelity are qualitatively equivalent measures of 
closeness for quantum states. Now Theorem 3.1 allows us to establish the same relationship 
between fidelity measure and trace distance measure for states of infinite dimensional systems. 

Theorem 3.4. Let H be an infinite dimensional separable complex Hilberi space. Then 
for any states p,cr G <S{H), the inequalities in Eq.(3.11) hold. 

Proof. Firstly, it is obvious that if both p = \a){a\ and a = \b){b\ are pure states, then 
D{p, a) = D{\a), \b)) = ^1 - F(|a), |6))2 = ^l-F{p,af. (Ref. % pp. 415] for a proof that 
is valid for both finite and infinite dimensional cases.) 

Let p and a be any two states, and let |^) and |(/>) be purifications chosen such that 
F(p,a) = I (^10) I by Theorem 2.4. Since the trace distance is non-increasing under the partial 
trace, we see that 



This establishes the inequality 



D{p,a) < y/l-F{p,a)^. (3.12) 

To see the other inequality of Eq.(3.11) is true. Theorem 3.1 is needed. 

For any given e > 0, by Theorem 3.1, we may take a POVM {Em} such that 

F{p, a) < F{pm, Qm) = ^ VPrnQm < F{p, a) + £, (3.13) 

m 

where pm = Tr{pEm) and Qm = Tr(o"£'m) are the probabilities for obtaining outcome m for 
the states p and a, respectively. Observe that, for both finite and infinite dimensional cases, 
we have 

D{p, a) = max D{pm, qm), (3.14) 

{Em} 

where D{pm,qm) = ^Ylm \Pm ~ Qm] and the maximun is over all POVM {Em}- It follows 
from Eq.(3.14) and 

y^(VP^-\/g^)^ = X^Pm + ^^m -2F{pm,qm) = 2(1 - F{pm,qm)), 
m mm 

that 

2(1 - F{p, a)) -2e< 2(1 - F{pm, qm)) = Em(V^ " V^)^ 

< Y.m\VP^- V^\(VP^+V^) = T,m\Pm-qm\ 

= 2D{pm,qm)<2D{p,a). 
Thus we have proved that 

il-F{p,a))-£<D{p,a) 
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holds for any e > 0. This forces that 

l-F{p,a)<D{p,a), 
which, combining the inequahty (3.12), completes the proof of the theorem. D 

4. Fidelities connected to channels 

For finite dimensional case, ensemble average fidelity and entanglement fidelity are two 
kinds of important fidelities connected to a quantum channel. In this section we give the 
definitions of ensemble average fidelity and entanglement fidelity connected to a quantum 
channel for an infinite dimensional system, and discuss their relationship. 

Let H be an infinite dimensional separable complex Hilbert space. Recall that a quantum 
channel £ : T{H) — )• T{H) is a trace preserving completely positive linear map. Like the 
finite dimensional case, for such quantum channel 8 and a given ensemble {pj, Pj}'^i, one 
can define ensemble average fidelity by 

F = Y,P,F{pj,£{p,)f. (4.1) 

3 

Similarly, for a state p, one can define the entanglement fidelity by 

F{p,£)= F(|V'),(£:®/)(|V')(V|))' .42) 

where |V') £ H <^ H is a purification of p. Note that the definition F{p, £) does not depend on 
the choices of purifications. To see this, let |V') = X^i ^/Pj\j)\^^j) be any purification, where 
{j} is an orthonormal basis and {pj} is an orthonormal set of H. By [9], there exists a 
sequence of operators {Ei} C B{H) with Yl,i FJEi = I such that 

£{(j) = ^EiaEJ for all aGS{H). 

i 

Thus 

= EM Ej,k ^/pw~k{E: ® m3)\p,)mi^k\){E\ ® im 
= j:^j:,,kPMm\j){k\Ei\k) 

= EJTr(i?,p)|2, 

which is dependent only to p and £. 

In the sequel we will give some properties of entanglement fidelity for infinite dimensional 
systems. 

Firstly note that, by monotonicity of the fidelity Eq.(2.7), it is easily checked that 

Fip,£)<[Fip,£{p))]\ (4.4) 

Proposition 4.1. Let H be an infinite dimensional separable complex Hilbert space. As- 
sum,e that £ : T{H) — ;■ T{H) is a quantum channel and p £ S{H). Then the entanglement 
fidelity F{p,£) is a convex function of p. 

Proof. Take any states pi,P2 G '?(-?/). Define a real function / : M — >■ M by 

fix) = F{xpi + (1 - x)p2,£), yx G M. 
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By using of Eq.(4.3) and elementary calculus, one sees that the second derivative of / is 

/"(x) = j;|Tr((pi-p2)i?,: 



.,?■ 



(4.5) 



Hence f"{x) > 0, which implies that F{p,£) is convex, as desired. D 

Proposition 4.2. Let H be an infinite dimensional separable complex Hilbert space. As- 
sume that £ : T{H) — )■ T{H) is a quantum channel. Then for any given ensemble {pj,pj}, 
we have Fi^-pjPj.,8) < F. 

Proof. For any A; G N, let A^ = Yli=iPj- Then, by Proposition 4.1, we have 

F{Z,P,Pj,£) = F{x,iEU 'tP^) + (1 - ^'^)(Er=fc+i T^P.),^) 

< A,F(E,ti %P„£) + (1 - A,)F(Er=,+i T^,Pj,£) 

< A.E-=i ^F{P,,£) + (1 - Afc)F(Er=,+i T^Pj,£) 
= Y.Up,F{p,,8) + (1 - A,)F(Er=.+i T^P.,^)- 

Note that < F{p,£) < 1 and limfe_^oo Afe = ^°^iPj = 1. So 

oo 

lim(l-Afc)F( J2 T^Pj,n = 0. 

fc— >co ^ — ' i — Ai. 

j=k+l 

Thus, for any e > 0, there exists some N such that 

oo 

Pj 



(1-A,)F( j; -M_p^,£)<e (4.6) 

j=k+i ^ 

whenever k > N . It follows from Eq.(4.5) that 



F{^PjPj,£) < Y,PjF{pj,£)+e. 
j i=i 

By the arbitrariness of e and Eq.(4.4), we obtain that 

F{ZjP,Pv£)< ET=iPjF{Pj,£) 

< ET=iPjFip„£{p,)f = F, 
Completing the proof. D 

5. Conclusion 

In this paper we prove the infinite dimensional version of the Uhlmann's theorem by an 
elementary approach, which states that the fidelity of states p and cr is larger than or equal 
to the absolute value of the inner product of any purifications \ip) and \(f)) of p and a, i.e., 
F{p,cr) > 1(^^10)1; moreover, there exist some purifications such that the equality holds. This 
allows us to generalize a large part of the results concerning fidelity for finite dimensional 
systems to that for infinite dimensional systems. We also discuss the relationship between 
quantum fidelity and classical fidelity and show that F{p, a) = inf|£;^| F{pm, Qm)- Not like to 
that of finite dimensional case, the infimum can not attain the minimum in general. We give 
a necessary and sufficient condition for the infimum attains the minimum. Using this result, 
we find that the fidelity and the trace distance are equivalent in describing the closeness of 
states. The concepts of ensemble average fidelity and entanglement fidelity for a channel are 
generalized to infinite dimensional case. The relationship of such two fidelities is discussed. 
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